Abstract. We study the set of rational solutions of an (N+ 1)-point Nevanlinna-Pick problem, that has degree bounded by N. Based on the invariance of the topological degree of a certain mapping under deformation, we establish that when the (N + 1)-point Nevanlinna-Pick problem is solvable, then for any dissipation polynomial of degree N or less, there corresponds an interpolating function with dimension at most N. Our results provide a novel topological proof for the sufficiency of Pick's criterion for the solvability of the Nevanlinna-Pick problem, and also give a solution to an extended interpolation problem.
1. Introduction. The Nevanlinna-Pick interpolation theory has a long history in mathematics. Its origin can be traced back to the beginning of the century in the work of Pick [20] and Nevanlinna [19] and it has reached a high degree of achievement in the recent work of Adamjan, Arov and Krein [1] , Sarason [21] , Sz.-Nagy and Foias [25] and Ball and Helton [3] .
In engineering, it was in a circuit theoretical context where interpolation theory found the first applications (see Belevitch [4] and Wohlers [28] ). In recent years, renewal of interest in the Nevanlinna-Pick interpolation problem has been motivated by a multitude of applications to system theoretic problems. These have been in the area of robust control, circuit theory, approximation theory, filtering, and stochastic processes (see Zames and Francis [30] , Khargonekar and Tannenbaum [15] , Helton [11] , Genin and Kung [7] , Dewilde, Vieira and Kailath [6] and Delsarte, Genin and Kamp [5] ). This paper addresses certain questions that carry a significant interest from an engineering standpoint.
It is known that whenever an (N + 1)-point Nevanlinna-Pick problem is solvable, there exist rational solutions of degree at most N. Generically, the solution is nonunique.
In this paper we present a study of the solutions of the (N + 1)-point Nevanlinna-Pick problem that are at most of degree N. We show in Theorem 5.3 that for any dissipation polynomial (for a definition, see 4) of degree at most N there exists a corresponding solution of degree at most N. This provides a description of the set of degree N solutions. We must point out that the degree of the interpolating function is related to the dimension of a controller in a feedback system, to the dimension of a modeling filter of a stochastic process, or to the McMillan degree of a certain transfer function in a circuit theoretic context. We show the above by exploiting the invariance of the topological degree of a certain mapping under deformation.
This approach also provides an independent topological proof of the sufficiency of Pick's criterion for the solvability of the Nevanlinna-Pick problem.
Our results are applied to tackle the solvability of an extended interpolation problem (see 5) where, in addition to the N+ 1 interpolating conditions of the standard problem, we require that the real part ofthe function satisfy extra N interpolating conditions on the boundary of the "stability" region. These N interpolating conditions are interpreted as attenuation zeros of an associated transmittance function.
This work follows the lines of an investigation on the Carath6odory problem [8] , and a preliminary version was reported in [9] .
A variety of different terminologies has appeared in connection with the Nevano linna-Pick problem. For instance, the reflectance of a passive system is known also as a bounded real function or as a Schur function, etc. We have chosen to use a rather mathematical terminology as it appears in the classical references (e.g. Akhiezer [2] ), although occasionally we indicate the "translation" of the various terms in the circuit theoretic or stochastic terminology. 
give a complete description of the set C(z, w) of all C-functions satisfying (3.1).
The solvability criterion was derived by Pick We are interested in the "indeterminate" case when there is more than one solution.
A necessary and sufficient condition for the problem to be indeterminate is (3.5a ). This condition is equivalent to the positive definiteness of the associated Pick matrix. Hence, from now on, we will assume that P is positive definite.
In the indeterminate case, one particular solution of the NP problem is obtained by setting sn/l(z)= 0 in (3.6). We state some related facts in the following proposition. This cannot happen because the right-hand side of the above has no root on OD.
Finally, that Xo(Z) has no root outside D is a consequence of the fact that fo(z) is a C-function (Proposition 3.5). Q.E.D. 4 . Rational C-functions. A well-known characterization of rational C-functions is given below (see Siljak [24] ). Proof From
it follows that any root of r(z)+x(z) on dD is also a root of 7r(z)-x(z) and hence, of both 7r(z) and X(Z). After extracting all common roots of r(z) and X(Z) that lie on D, we are left with a pair of polynomials (-(z), ,(z)) that satisfy (4.1a), (4.1b) and also 7r(z)/x(z)= (z)/(z). Therefore, r(z)/x(z) is in C. Q.E.D. C(z, w) . Moreover, as it will become clear below, T can be defined directly on the basis of (z, w) (and does not require the solvability of NP (z, w)). We will establish the theorem by studying the correspondence
and showing that the image of {u(z): u(z) K, such that (6.3a) holds} contains the set of all polynomials d(z, z -1) of degree at most n that satisfy (6.3b) (and are properly normalized). We now proceed to consider a normalization of u(z) and d(z, z -) so that their correspondence becomes a continuous map between smooth manifolds.
Both. e(z) and p(z) can be easily seen to be in L2. Let ek (resp., Pk) with r Z denote the Fourier coefficients of e(z) (resp., p(z)). The polynomial d(z, z-i) is of degree N (in both z and z-) and it holds that 
where q(z)=b(u(z)) and p(z)= T(q(z)), is clearly surjective. Hence, in order to establish the theorem we only need to show that ,o(x_) =_ Y/. To show this we will exploit the dependence of to on the interpolation data w.
Consider z being fixed and define the set of w that render P(z, w) positive definite: B:= {w E C N+I such that P(z, w) is positive definite}.
We want to establish that B is a pathwise connected set. This follows immediately from the continuous dependence of w on the parameter v,, K We first note that fo(z) =-1 C(z, w,n). Then [17] and Milnor [18] .
We now show that (6.6) Lloyd [17, p. 32], Milnor [18] and Schwartz [22] for the case of continuous deformations of maps between smooth manifolds).
We now prove (6.7). Assume that the above intersection was not empty and let Consequently, (6.7) is valid. Then, (6.6) follows from (6.5) and (6.7). Finally, (6.6) inherently nonlinear problem. However, the homotopy used in the derivation can be used to provide an algorithmic way to find the sought solutions. For a study ofhomotopy methods as they relate to deriving numerical algorithms see the work of Kellogg, Li and Yorke [14] .
In this paper we have presented a description of the set of interpolating functions of degree N to the (N + 1)-point NP problem. However, it is not known at the moment whether the correspondence in Theorem 5.3 represents in fact a parametrization of this set; i.e., whether the correspondence between interpolating functions of degree N and dissipation polynomials as in Theorem 5.3 is in fact bijective.
Finally, a simple criterion to determine whether there exists an f(z) in C(z, w) of degree strictly less than N is still lacking. Such a criterion seems necessary for a thorough understanding of minimal degree solutions to NP (z, w) as considered in Youla and Saito [29] and Kalman [13] .
